We study a class of spin-1/2 quantum ladder models with generalised plaquette interactions in the presence of a transverse field. We show that in certain parameter regimes these models have strong zero modes responsible for the long relaxation times of edge spins. By exploiting an infinite set of symmetries in these systems, we show how their Hamiltonians can be represented, in each symmetry sector, by a transverse field Ising chain. Due to the presence of an extensive number of conserved quantities, even if the original system has no disorder, most of these symmetry sectors feature a quasi-random transverse field profile. This representation of the ladder system in terms of a disordered Ising chain allows to explain the features of the edge autocorrelation function of the original system.
I. INTRODUCTION
Many-body quantum systems can display slow relaxation and long correlation times due to collective dynamical effects. Slow dynamics and non-ergodicity in quantum systems is receiving much attention nowadays both from the experimental and the theoretical side within physics. From a practical perspective, the existence of long time-scales in the dynamics is of interest as it can be related to the possibility of maintaining long coherence times for localised degrees of freedom in many-body systems, with the technological potential for storing and processing quantum information encoded in many-body states [1] [2] [3] [4] [5] [6] . On the other hand, the behavior displayed by these systems is connected with topics of fundamental interest in physics such as prethermalization [7] [8] [9] [10] , phase transitions [11] and the existence of topological phases of matter [12] [13] [14] .
Long relaxation time-scales can arise in a variety of physical scenarios. Concrete examples include manybody systems in the presence of disorder leading to manybody localisation [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and metastability in open quantum systems [26] [27] [28] . In this paper we focus on another area where long timescales emerge, quantum systems with free boundaries with so-called strong zero modes (SZMs) [1, 7, 11, 13, 14, 29] . Namely, a SZM is an operator which commutes with the dynamical generator up to exponentially small corrections in the system size, the paradigmatic example [29] being the one-dimensional transverse field Ising model (TFIM) with free boundaries [30, 31] : in the ferromagnetic phase, one can explicitly construct the SZM operators in an iterative manner and express them as a sum of Majorana fermions [29] . The existence of a SZM operator implies the slow relaxation of certain boundary modes, for example giving rise of coherence times that grow exponentially in system size for edge spins in the TFIM [14, 29] . SZMs can also be related to a slow logarithmic-in-time growth of the entanglement entropy [32] . More recently, the possibility of observing SZMs in open settings has also been discussed [6, 33] which connects to the more general question of protection of coherences from dissipation [34] [35] [36] . For instance, it can be shown that properly engineered dissipation can increase edge coherence times in spin chains with open boundaries beyond those of the non-dissipative case [37] .
Here we consider SZMs in a simple generalisation of the TFIM. We consider a class of ladder spin systems with plaquette interactions. Figure 1 describes the class of models we study. The arrangement for an "M -leg ladder" is that of M parallel chains of length L with a qubit on each site. The interactions are along the z direction involving the product of all sites within one rung of the ladder and the ones on the rung immediately arXiv:1901.10211v1 [cond-mat.stat-mech] 29 Jan 2019 next to it, see the shaded regions in Fig. 1 (details are given below). The system is also subject to a magnetic field on each site in the transverse direction.
Below we show how to explicitly construct the SZMs in these systems. As we shall see, similarly to what happens in other models [11, 29] , the normalisation of the SZMs diverges as the strength of the transverse field approaches a critical value for which the ladder models display a quantum phase transition. We then tackle the same class of systems from a different perspective: we identify an extensive set of symmetries of the ladder Hamiltonian which allows us to block-diagonalise them, with each symmetry sector described by a one-dimensional TFIM. Due to the presence of the symmetries, most sectors in general will manifest quasi-randomness in the transverse field. This is another example of how a clean system can mimic the presence of spatial disorder in the Hamiltonian due to a large set of conserved quantities, cf. Refs. [38, 39] . We exploit this quasi-random picture to explain the behavior of the autocorrelations of the edge spins in the infinite temperature state.
II. M -LEG SPIN-1/2 LADDER
In this section we define the class of models we study. We consider spin systems which consist of a lattice of M parallel chains of L sites each, arranged in such a way that the i-th sites of all the chains lie on a segment which is perpendicular to the chains themselves, cf. Fig. 1 . Each site of this lattice carries a spin-1/2 degree of freedom, and we use the notation σ µ i,k for the local Pauli matrix in the direction µ acting on the i-th site of the k-th chain.
As stated in the introduction, the Hamiltonian of the system is a generalisation of the TFIM Hamiltonian which we define in the following way
with
and
where the field strength h and coupling strength J are non-negative. The term proportional to h represents the uniform transverse magnetic field, while the terms in the first sum appearing in Eq. (1) represent longitudinal magnetic plaquette interactions between neighboring rungs of the ladder -as illustrated in Fig. 1 . Notice that the TFIM is recovered when M = 1.
For the whole M -leg ladder model we can define a parity operator
which implements a discrete Z 2 spin-flip symmetry. When M > 1, however, one can also decompose such a parity operator into the product of single chain parity operators
so that
This implies that an eigenstate |ϕ of H can be chosen to be a simultaneous eigenvector of all the F k ,
and we can decompose the Hilbert space into parity sectors P β , with β = (β 1 , β 2 , . . . , β M ), which are mapped onto themselves by the action of the system Hamiltonian.
III. STRONG ZERO MODES IN M -LEG LADDERS
After having introduced the class of models we consider, we will now proceed to show that they feature, in certain parameter ranges, SZMs. We first review the definition of a SZM [11, 14, 29] , and then explicitly construct the SZMs for the M -leg ladders.
A SZM Ψ is an operator which almost commutes with the Hamiltonian, [H, Ψ] ≈ L , with a correction term L which is exponentially decaying with the size L of the system. Usually, such an operator is also required to anticommute with a parity operator P , commuting with the Hamiltonian [P, H] = 0. When this is the case, the SZM is an operator that maps an eigenstate of the Hamiltonian in one of the two parity sectors into an eigenstate in the other sector. The two mapped states are split in energy by L , and since this mapping occurs across the energy spectrum this guarantees the existence of a long coherence times.
For general M -leg ladder models, however, due to the presence of a larger number of parity sectors, P β , the situation is more subtle. Indeed, as we show below, SZM operators for this class of systems obey
In terms of the parity operator for the whole system, F, one then has
While the commutation/anticommutation relations of the SZM with F are not of help to understand the action of the SZM on eigenstates of the Hamiltonian, the properties expressed in Eq. (8) can be used to show that it connects eigenstates and eigenvalues of the Hamiltonian in the parity sector P β with those of P − β . To show this, lets assume |ϕ to be an eigenvector of the Hamiltonian associated to an eigenvalue λ ϕ belonging to the parity sector P β . One then has that the vector Ψ|ϕ is an eigenvector of the Hamiltonian:
where we have used the fact that the SZM commutes with the Hamiltonian up to terms of order L exponentially small in system size. In addition, exploiting the anticommutation relations of the SZM with the parities F k one has that
showing indeed that Ψ |ϕ ∈ P − β . Summarizing, this means that for large system sizes the spectrum of the Hamiltonian H gets paired up between corresponding parity sectors P β ↔ P − β . For explicit examples we refer to Appendix A. After having discussed the consequences of the existence of the SZM on the spectral properties of the ladder Hamiltonian we now provide its explicit form, from which we can recover the properties described in the previous discussion. As in the case of the TFIM [29] , for general M -leg ladder models the SZM can be written as a sum of operators
where the ψ j are given by
Notice that the terms ψ j appearing in the SZM are almost Majorana operators for M = 1: while they anticommute, {ψ j , ψ i } = 0 for i = j, for i = j the anticommutator is not a multiple of the identity (yet commutes with any other term ψ k ). The first and most important property to be shown is that this operator Ψ almost commutes with the Hamiltonian. To do this we note that the Hamiltonian can be split in two parts: one describing the magnetic interaction between spins around plaquettes, H 0 ∝ j Z j Z j+1 , and the other describing the effects of the transverse magnetic field H 1 ∝ j S x j . Thus, we can write the commutator of the Hamiltonian with the SZM in the following way
where we introduced the quantities [H 0 ,
We show in Appendix B that this is a telescoping series, namely A j+1 + B j = 0, ∀j, therefore the only contribution to the commutator comes from the term B L with norm B L ≈ 2Jα L , where α = M h/J. This thus proves that the operator defined in Eq. (11) almost commutes with the Hamiltonian up to a factor that scales as α L . When α < 1 the correction to the commutator becomes exponentially small with system size.
The almost commutation of the SZM with the ladder Hamiltonian can be used to show the slow relaxation of coherences for the edge spins. Indeed, when α < 1, one can notice from Eq. (12) that the SZM is highly localised around the first rung of the ladder. In particular, when h J, one has that the SZM is Ψ ≈ Z 1 up to corrections of order h: thus exploiting the fact that this SZM almost commutes with the Hamiltonian one can show (in the same way as it happens for the TFIM [29] ) that the infinite temperature autocorrelation function
up to times of the order τ ≈ α −L . We will discuss the behaviour of the autocorrelation in detail below.
IV. NORM OF Ψ AND RELATION TO PHASE TRANSITIONS
An important property for the SZM is that it must be normalisable. Indeed, if this were not true it would not be possible to give a meaning to the manipulations described in the previous section. In this section we prove the conditions under which the SZM operator has finite norm. We will also show that the point at which the norm of the SZM becomes unbounded, the ground state of the system undergoes an Ising-type phase transition. This seems to provide further evidence of the relation between existence of SZM and the occurrence of phase transitions in quantum Hamiltonian systems [11] .
To compute the norm of the SZM, cf. Eq. (11), we make use of the anticommutation relations, {ψ i , ψ j } = 0, ∀i = j, and we express the square of the SZM as
Phase transition in the ladder model for different values of M . The order parameter is the expectation value in the ground state of the product of the magnetization operators along the z direction for the single rungs of the ladder, Zi . When M = 1 (TFIM case) the transition occurs at hc = J. For general values of M the transition is shifted to hc = J/M . We show here results for M = 1, 2, 3 obtained by means of infinite time-evolving block decimation algorithms [40] [41] [42] [43] .
Since all terms in Ψ 2 commute among themselves we can compute the norm as
From the above equation it is clear that the SZM is normalisable for α < 1. On the other hand, one can show that the ladder model undergoes a quantum phase transition when the transverse field approaches the critical value h c = J/M , corresponding to α = 1. The order parameter for an M -leg ladder system is the expectation value in the ground state of the product of operators along the z direction for a rung of the ladder, Z i (which generalises the order parameter of the TFIM). In Fig. 2 we plot the order parameter as a function of magnetic field for different values of M : we see that the point at which the eigenstates pairing due to the SZM disappears is the same value of the transverse field for which the quantum phase transition in the ground state of the Hamiltonian takes place [11] .
V. QUASI-RANDOM ISING CHAINS FROM THE LADDER MODEL
In this section we show how the Hamiltonian for the ladder model can be decomposed into a direct sum of Ising Hamiltonians with a transverse field that can mimic the presence of randomness in the chain. In order to achieve this, in the spirit of [38] , we characterize an extensive set of conserved quantities which we can then use to decompose the Hamiltonian in the various blocks identified by the conserved charges.
The first step thus consists in finding the above mentioned symmetries of the Hamiltonian. This can be achieved by directly inspecting the operator S
proportional to the total angular momentum in each rung of the ladder, and also the square of the magnetization along the x direction (S x i ) 2 . One can check that
The existence of these conserved quantities allows us to represent the original ladder Hamiltonian in a simultaneous eigenbasis of S 
where the factor 4 comes from the fact that we have defined S for the conserved quantum numbers, the ith rung of the ladder can be represented by means of a two-level system with states |+ , |− defined such that
if s 2 the single rung operators are mapped onto
where τ µ i are auxiliary Pauli matrices. The last thing that one needs to clarify in order to show how the ladder Hamiltonian can be reduced to an Ising model one with quasirandom potential, is the multiplicity of the different values of the Hamiltonian quantum numbers. Such an information can be recovered from the Clebsch−Gordan decomposition series [44] . Indeed, we need to iteratively compose M spin-1/2 systems and to consider all the irreducible representations arising from this procedure; the above mentioned series takes into account the fact that, each time a spin-1/2 system is added to an irreducible representation, we obtain two irreducible representations, one with dimension increased by one and the other with dimension decreased by one with respect to the original representation.
The Clebsch−Gordan series is the following and can appear with a multiplicity ν M −2k that can be derived from the multiplicity of the irreducible representations in the following way
namely, to find how many times the value M − 2k can appear for |s x i |, we need to count all possible irreducible representations containing that specific value. An explicit example is provided in the Appendix C.
In the next subsections we use these findings to map the Hamiltonian of the system into an Ising-like Hamiltonian for a generic symmetry sector identified by fixing the 2 for all rungs in the ladder. The two cases, M odd and M even, present a substantial difference so that we will treat them separately.
A. Block decomposition of the ladder Hamiltonian for M odd
When the number of spins on each rung M is odd, for any choice of the conserved quantities S 2 ), the ladder Hamiltonian can be mapped onto an Ising-like Hamiltoniañ
where τ µ i are the Pauli matrices at site i, and h i is a transverse magnetic field that has now become site dependent, according to the choice made for (s
2 . Specifically, one has h i = h |s x i |. This means that if one randomly selects the values of the conserved quantities for the whole ladder (out of the available possibilities), the resulting Hamiltonian will be an Ising one with uniform coupling constant J and with a transverse magnetic field that in general looks random. The values of h i are distributed independently on each site, and the probabilities follow from the multiplicities of the different values
For an explicit example we refer to Appendix D.
B. Block decomposition of the ladder Hamiltonian for M even
When the number of spins M on each rung is even, the situation is slightly more complicated than the one for M odd. While also for this case, fixing for each rung the values (s
2 ), the ladder Hamiltonian is formally mapped onto an Ising Hamiltonian [cf. Eq. (21)], unlike the M odd case, now the site dependent transverse magnetic field h i can assume also the value 0, when s x i = 0. Moreover, also Z i needs to be treated with some extra care: this operator can be mapped onto a Pauli matrix at site i, τ z i , when s x i = 0, whereas it is mapped into ±1 when s x i = 0; the sign must be consistent with the symmetric or antisymmetric property of the state of the rung with zero magnetization along the x direction. Apart from this, the probability of obtaining a given value of (s x i )
2 when randomly choosing a sector for the ith rung is still described by Eq. (22) .
To better understand how the mapping works in this case we now discuss a simple example: let us consider the case where the value (s 
It is clear here that the transverse field for the site i is turned off, and the sign in front of the last term in the above equation is determined by the symmetry property of the state associated to the zero eigenvalue of S x i : an antisymmetric state will result in a minus sign while a symmetric one will lead to a plus. Eq. (23) also shows that, in this sector, the ladder system is broken up into two separate chains that are disconnected by the i-th site.
Notice that, contrary to the odd case where all sectors have the same dimension 2 L (corresponding indeed to the dimension of a TFIM) in the M even case, the dimension of each sector varies. This can be understood by looking at relations (19) : whenever one has (s x i ) 2 = 0 on a rung then the dimension of the sector is reduced of a factor 2.
As an example in a sector with exactly n rungs assuming a zero value of the magnetization along the x direction, the dimension is 2 L−n .
VI. LONG COHERENCE TIMES OF BOUNDARY SPINS
In the previous section we have shown how the ladder Hamiltonian assumes a block diagonal form and how, in each of these blocks, it can be represented as an Isinglike Hamiltonian with values of the transverse field that depend on the conserved quantum numbers identifying the chosen sector. In addition, we have characterized the probabilities associated with these different values of the transverse field in the case in which a set of conserved quantities for each rung of the chain is randomly picked; practically speaking a random selection of a set of these conserved quantum numbers can mimic the presence of disorder in the transverse field profile of an open boundary Ising model, with probabilities for the single site fields h i given by relation (22) .
Even in the case of inhomogeneous transverse field, as for ordered Ising models, it is possible to construct a SZM operatorΨ; one way to proceed is to apply the usual iterative procedure [11, 14, 29] . On the other hand it is also possible to obtain the representation of SZM for the chosen set of conserved quantities directly from Eq. (11) exploiting the same relations in Eq. (19) used to obtain the Hamiltonian.
Collecting all fixed choices for the quantum numbers (s
2 ) into a vector ω which now uniquely identifies the symmetry sector of the Hamiltonian, we can write the SZM Ψ ω in the sector as
We can now make two interesting observations: first, we notice that the condition for the existence of this SZM is less restrictive than the condition implied by Eq. (15) for the existence of the SZM in the ladder. Indeed, in this sector one just needs
which can be true even if α = M h/J ≥ 1. One can thus have sectors where a SZM can be defined even if the full system cannot support one. This is illustrated in Fig. 2 : the region labelled I corresponds to α < 1 where the overall system has a SZM; the region labelled II corresponds to α > 1 but where some sectors have normalisable SZM operators (24); region III is where no sector has SZMs. The second observation concerns only M even. In this case, the value of (s x i ) 2 can be zero for some rungs of the ladder and this results in the presence of an exact SZM, i.e., an operator which strictly commutes with the Hamiltonian. For instance, if the the first rung of the ladder with (s x i ) 2 = 0 is the m-th one, then, since S x m → 0 in this sector, the exact SZM is still given by relation (24) , but with the sum over the rungs that runs only up to the m-th term. In addition, looking at the term B L of equation (13) These considerations also suggest the general behavior that should be displayed by the infinite temperature autocorrelation function (14) . Indeed, we can think of the autocorrelator as given by the sum of contributions from all different sectors:
where η = (
L is the total number of symmetry sectors in which the ladder Hamiltonian can be represented as an Ising-like Hamiltonian, while dim ω is the dimension of the sector.
Exploiting a perturbative argument where one considers α 1, similarly to what is done in [37] , we can observe that in each sector the expected behavior of the
Infinite temperature edge autocorrelation from exact diagonalization for M even. In this case we have considered J = 1 and h = 0.05 and compared the behavior of the infinite temperature time correlation functions for the edge spin operator Z1 [cf. Eq. (14)] in the ladder model with M = 2 for different system sizes. The value of the autocorrelator is not decaying to zero but actually saturates to a finite value. For the chosen parameters (α < 1), the remaining oscillations around this value decrease for increasing system sizes. In the inset we display the behavior of the infinite temperature time correlation functions when J = 0.05, h = 0.05 (resulting in α = 2) and L as in the main figure. In this case, the autocorrelator saturates to a smaller value than in the previous case and the oscillations around this value are not affected by increasing the size of the system. autocorrelator is given by
where
is a frequency (exponentially small in the system size) that depends on the profile of the transverse field. In the M odd case, this frequency is never zero for finite systems, and the sum of all possible sectors can be understood as an average over the possible realizations of the transverse field profile. One therefore expects a flat behavior of the total autocorrelator up to time-scales of the order α −L followed by a decay due to the average over all sectors. Indeed, after this time scale, one expects the oscillations due to the different frequencies of all the sectors to eventually become dephased. This trend is shown in Fig. 4(a) : even if the considered system sizes are small, we see how the edge spins correlation times increase with the system size. After staying almost constant for times of order α −L , the autocorrelator, rather than displaying stable oscillations as in the TFIM, decays to zero.
In Fig. 4(b) we display the same curves for a different value of the ladder transverse field h. In particular, we choose a value of h for which there is no SZM for the whole ladder system but the operators (24) exist for some sectors, so that those sectors contribute long coherence times to the autocorrelator. Also in this case a dependence on the system size of the autocorrelator can be appreciated as a consequence of the fact that some of the sectors are featuring the presence of SZMs. On the other hand Fig. 4(c) shows that, for values of the ladder transverse field h for which none of the sectors can sustain a SZM, the edge spins coherence time has no dependence on the system size and decay is fast.
A different behavior is observed when M is even. In this case, the fact that in many sectors Ω ω = 0 prevents the autocorrelator to fully decay to zero and converging instead to a finite value. When α 1, the SZM has a large overlap with the edge operator Z 1 and the saturation value of the autocorrelator to be very close to 1, as shown in Fig. 5 . Furthermore, even when α > 1, because of the presence of exactly conserved SZMs in several sectors, the autocorrelator does not decay to zero either, but in contrast to α < 1 the decay to the asymptotic value is fast and size independent. Compare also the amplitude of the oscillations around the asymptotic value which seem to decrease with size for α < 1, cf. Fig. 5 and its Inset.
The mapping of Eq. (19) can be used to investigate the features of the correlation functions for larger system sizes than those shown in Figs. 4 and 5 by exact diagonalization. Figure 6 shows the correlation functions of the boundary spin operator τ z 1 {cf. Eq. (17) in [29] } from sampling Ising models with random transverse fields compatible with the distribution of M = 3, cf. (22) . In Fig. 6(a) one can observe -in addition to the features already discussed in Fig. 4 -what appears to be plateaus due to the distinct lifetimes of the SZMs in the various symmetry sectors. Figure 6 (b) shows that for a larger value of h (h i = h|s x i |), the infinite temperature time correlation functions still have a system size dependence. In this case rather than via plateaus they appear to decay logarithmically: this would correspond to the fact that in this regime not all sectors have SZMs (24) and their lifetimes are shorter than those in the regime of Fig. 6(a) . Lastly, Fig. 6(c) shows the autocorrelation in a regime similar to that of Fig. 4(c) . Here none of the sectors have SZMs and decay to zero is fast and size independent, as expected.
VII. CONCLUSIONS
We have studied strong zero modes in a class of spin ladders with plaquette interactions. Like in other models, the presence of SZM implies long coherence times for boundary degrees of freedom, and thus provide a general mechanism for long timescales in quantum many-body systems. Our results here are an addition to the growing list of findings in this area [6, 7, 11, 13, 14, 29, 32, 33, 37] . We were able to obtain the explicit form of the SZM operators -and understand the behaviour of edge correlators -because the models we consider, while appearing com- plex superficially, can be brought to simple and (almost) solvable forms by exploiting the large number of symmetries they possess. An interesting direction for future study would be to explore the existence of SZMs or related slow operators in more complex quantum plaquette models, in particular those closer to systems with fractons [45] .
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Appendix A: Pairing due to the SZM In this appendix we provide some examples regarding the pairing of the spectrum due to the existence of SZMs. For M = 1 we recover the usual one dimensional TFIM, where the SZM Ψ anticommutes with the parity operator F (4) and it maps the spectrum in the odd sector to that in the even sector up to corrections exponentially small in system size [29] . If |ϕ + is an eigenvector of the Hamiltonian associated with the eigenvalue λ + belonging to the parity sector P + then one can show that Ψ|ϕ + is an eigenvector of the Hamiltonian associated with an eigenvalue λ − , exponentially close in system size to λ + , belonging to the parity sector P − H |ϕ + = λ + |ϕ + , HΨ |ϕ + ≈ λ + Ψ |ϕ + , F |ϕ + = |ϕ + , FΨ |ϕ + = −Ψ |ϕ + .
For M = 2 the Hamiltonian commutes with the single chain parity operators F 1 and F 2 meaning that we can organize its eigenstates in four sectors P ++ , P +− , P −+ , P −− . Given an eigenstate of the Hamiltonian |ϕ β1,β2 belonging to a parity sector P β1,β2 with β i = ±, and corresponding to an eigenvalue λ β1,β2 , one can show that the SZM Ψ is mapping this vector onto an eigenstate of the Hamiltonian belonging to the parity sector P −β1,−β2 . Indeed, exploiting the anticommutation relations of the SZM with F i we have that F 1 Ψ |ϕ β1,β2 = −β 1 Ψ |ϕ β1,β2 , F 2 Ψ |ϕ β1,β2 = −β 2 Ψ |ϕ β1,β2 ,
and because of the almost commutation relation of the SZM with the Hamiltonian we have that HΨ |ϕ β1,β2 ≈ λ β1,β2 Ψ |ϕ β1,β2 . The latter relation shows that λ β1,β2 is exponentially close to an eigenvalue in the parity sector P −β1,−β2 . When M > 2 the number of parity sectors increases as 2 M but with the same steps illustrated above one can show that the SZM pairs the spectrum of H in the sector P β with that in P − β .
